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Using a variational procedure within the eective mass approximation, we have calculated the hydrogenic
impurity binding energy as well as the impurity-related nonlinear optical absorption in a single quantum ring with
axial n-type delta-doping. The delta-like potential along the z-direction is analytically modeled with a Hartree-like
conning prole tted to a one-dimensional ThomasFermi-based potential in the local density approximation.
Both on-center and on-edge impurity positions are considered and the energies of the impurity states are examined
as functions of the vertical size of the ring. It is found that the eect of changes in the geometry of the quantum
ring leads to a shifting of the resonant peaks of the intra-band optical spectrum.
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1. Introduction
The study of the electronic properties of hydrogen-
-like impurities in low-dimensional semiconductor het-
erostructures attracts much interest given the vast possi-
bility of purposeful manipulation of the impurity binding
energy by means of external inuences with the possi-
bility of controlling the electronic and optical properties
of functional devices based on such heterostructures [1].
The simultaneous eect of impurity and external inu-
ences on the linear and nonlinear optical properties of
semiconductor nanostructures has also been considered
in recent years [2, 3]. So far, there are only a few pub-
lished research articles related with the eects of impurity
and external inuences on linear and nonlinear optical
properties of semiconductor quantum rings (QRs) [4, 5].
On the other hand, the use of delta-doping techniques
allows the creation of high-density two-dimensional elec-
tron gases [68], providing a suitable environment for the
increase in the conductivity. But the enlargement of the
carrier concentration can also lead to the amplication
of nonlinear optical responses.
In consequence, our purpose here is to investigate the
optical absorption in delta-doped QRs. In Sect. 2 we
give a brief outline of the theoretical model used. This is
followed by Sect. 3 containing the presentation and dis-
cussion of the results obtained. Finally, the conclusions
of the work are briey stated in Sect. 4.
2. Outlook on the theoretical model
The system under study is a GaAs-based cylindrical
QR with inner and outer radii R1 and R2, respectively,
and vertical size L < R2. The potential energy congu-
ration considered includes innite barriers at r < R1 and
r > R2, and for |z| > L/2. The potential function is zero
elsewhere with the exception of the region |z| < L/2. In
this interval the model assumes the presence of an n-type
delta-doped layer placed at z = 0, which causes a conduc-
tion band bending. The situation under study, although
similar to the usual one of a single layer  or narrow slab
 of donor dopant atoms, diers from it in the fact that
the radial boundary conditions are now restricted by the
nite dimension of the heterostructure. Therefore, the
correct description of the potential function must include
a self-consistent solution involving a three-dimensional
Poisson equation. We avoid this complication by propos-
ing an approximate model in which the potential prole
associated with the delta-doped quantum well is analyti-
cally described using a Lorentzian function with two pa-
rameters. These parameters are then tted to reproduce
the depth of the quantum well obtained within a self-
-consistent one-dimensional local-density theory in the
ThomasFermi approximation. The density of ionized
impurities is taken as N2d = 7.5× 1012 cm−2.
We shall consider two values of the hydrogenic impu-
rity axial position: one is the central value z = 0 (here-
after named on-center). The second is the edge of the
QR, z = L/2 (hereafter named on-edge). After solving
the Schrödinger-like problems for the motion along the
z-axis and the in-plane orientation [9, 10], the resulting
states are included in a variational calculation with hy-
drogenic type trial wave function to obtain the impurity
states and, with these states, the linear and nonlinear
optical absorption coecients are evaluated as functions
of the incident photon energy [11].
3. Results and discussion
Figure 1 contains the calculated binding energy of the
1s and 2px, 2pz impurity states as functions of the verti-
cal QR size, L. In the calculation, the values R1 = 2 nm
(245)
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and R2 = 10 nm have been used. In addition, the impu-
rity atom is assumed to be placed at zi = 0. Negative
values of the binding energies associated to 2p states are
due to the particular energy reference value, chosen to
describe the 1s-like situation. The slight decreasing vari-
ation of the on-center 1s- and 2px-like impurity binding
energies is explained by the small sensitivity of these or-
bitals with respect to the z-component of the uncorre-
lated electron ground state wave function. This sensi-
tivity augments when the impurity atom locates at the
QR edge; thus leading to the more pronounced fall of Eb
observed in Fig. 1d,e.
Fig. 1. Impurity binding energy in a GaAs quantum
ring with a delta-doped layer at z = 0 as a function of
the vertical size of the ring. Impurity states 1s, 2px,
and 2pz are considered for both on-center, and on-edge
impurity positions.
The strong connement of the electron ground state in
the vertical direction contributes to the strengthening of
the Coulomb interaction. For that reason, the magnitude
of the binding energy associated with the 2pz orbitals is
signicantly large for small L values. Augmenting the
vertical size of the QR is reected in the strong fall in
the strength of the Coulombic coupling, provided that
the z-dependent part of the uncorrelated electron wave
function loses connement. This is more apparent in the
on-edge case.
Figures 2 and 3 show the calculated linear, nonlinear,
and total optical absorption coecients related with the
1s2px energy transition for x-polarization of the inci-
dent radiation. It is possible to detect a blueshift in the
resonant peak position associated with the displacement
of the vertical impurity position from the z = 0 plane
upwards (Fig. 2). This shift is accompanied by an in-
crease of the linear and nonlinear peak amplitudes com-
ing from the increment in the resonant frequency and
the growth of the expected value of the electric dipole
moment M1s,2px = 〈ψ1s|ex|ψ2px〉.
In a conguration with xed L, R2, and zi, the vari-
ation of the size of the inner radius produces the results
depicted in Fig. 3, for the linear, nonlinear, and total
optical absorption coecient as a function of the inci-
dent photon energy. Contrary to the previous case, the
increase in the inner radius has the consequence of a red-
shift in the positions of the resonant peaks. This is the
result of the reduction in the impurity interstate energy
dierences (although the energy of each individual state
Fig. 2. Optical absorption coecient (1s2px transi-
tions with x-polarization of the incident radiation) in
GaAs delta-doped quantum ring as a function of the in-
cident photon energy. The quantum ring conguration
has R1 = 2 nm, R2 = 10 nm, L = 5 nm; with four dif-
ferent values of the vertical impurity position zi: 0 (a),
1.5 nm (b), 3 nm (c), and 4.5 nm (d).
Fig. 3. Optical absorption coecient for 1s2px tran-
sitions with x-polarization of the incident radiation in
GaAs delta-doped quantum ring as a function of the in-
cident photon energy. The quantum ring conguration
has R2 = 10 nm, L = 5 nm, and zi = 0; with four dif-
ferent values of the inner radius R1: 2 nm (a), 3 nm (b),
4 nm (c), and 5 nm (d).
grows as a function of the inner radius, the 1s-like in-
creases with a higher rate). However the eect over the
amplitudes is dierent in the linear and nonlinear terms.
In the linear case the resonant peak amplitude decreases
whereas the  negative  magnitude of the third-order
nonlinear resonant peak augments as long as there is an
increment of the inner radius. This can be explained by
the combination of two factors: a reduction in the ab-
solute value of the interstate matrix element, and the
increase in the absolute dierence |M1s,1s −M2px,2px |.
Figures 4 and 5 show the eect of the application of
hydrostatic pressure, P , on the linear, nonlinear, and
total contributions to the optical absorption coecient.
A xed geometrical conguration has been selected and
we have included four dierent values of P in the cal-
culation. Figure 4 corresponds to the optical absorp-
tion associated with the 1s2px energy transition with
x-polarization of the incident radiation, whereas Fig. 5
contains the results for the absorption that involves the
1s2pz impurity energy transition with z-polarization of
the incident radiation.
The inuence of the hydrostatic pressure is introduced
via the corresponding dependences of the electron eec-
tive mass and the dielectric constant on P : m∗/m0 =
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Fig. 4. Optical absorption coecient (1s2px transi-
tions with x-polarization of the incident radiation) in
GaAs delta-doped quantum ring as a function of the
incident photon energy. The quantum ring has a zero-
-pressure geometrical conguration with R1 = 2 nm,
R2 = 10 nm, L = 5 nm, and zi = 0; with four dif-
ferent values of the applied hydrostatic pressure: 0 (a),
20 kbar (b), 40 kbar (c), and 60 kbar (d).
Fig. 5. As Fig. 4, for 1s2pz transitions and
z-polarization.
0.0665 + 5.7076 × 10−4P , ε = 12.25 − 0.027P . Ra-
dial and vertical dimensions change according the fol-
lowing expressions: R(P ) = R(0)[1−2(S11+2S12)P ]1/2,
L(P ) = L(0)[1− (S11 + 2S12)P ] [12].
At a rst glance, the eect of the hydrostatic pressure
is to induce a redshift in the optical absorption resonant
peak position. The shifting is more noticeable in the case
of the 1s2pz transition. It is related, in both cases, to a
competition between the reduction in the spatial exten-
sion of the system, the overall decrease of the eective
Bohr radius, and the eective growth of the strength of
the Coulombic interaction. This results in lower values
of the inter-state energy dierence. Here, one must take
into account that, although the uncorrelated electron en-
ergies in the vertical motion are increasing functions of P ,
the distance between the states becomes smaller as long
as the pressure increases. This eect is much less pro-
nounced in the case of the radial motion. On the other
hand, the fall in the resonant peak amplitudes associates
mostly with the increase in both radial and vertical elec-
tron state connement. This makes the contribution of
lower values of radial and z-coordinates to dominate in
the integrand of the transition electric dipole moment
matrix elements.
4. Conclusions
In this work we have studied some features of the linear
and nonlinear optical absorption associated to donor im-
purity states in a GaAs cylindrical quantum ring with an
inserted in-plane delta-doped layer. The binding energies
of 1s and 2p states are reported as functions of the ring's
vertical size. The optical absorption resonant peaks show
a blueshift when the position of the hydrogenic impurity
atom along the vertical direction is shifted upwards. On
the other hand, when geometry of the system changes by
augmenting the inner radius, keeping xed the remain-
ing dimensions, the resonant peaks positions exhibit a
redshift.
The application of hydrostatic pressure has the eects
of inducing a redshift of the optical absorption resonant
peak positions as well as the decrease of the correspond-
ing peak amplitudes. This relates with the strengthening
of the Coulomb electronimpurity interaction, the reduc-
tion in the uncorrelated energy dierence and the growth
in electron wave function connement.
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